Abstract. In this note, we show that, if a pseudo-Anosov map φ : S → S admits a finite cover whose action on the first homology has spectral radius greater than 1, then the monodromy of any fibered structure of any finite cover of the mapping torus M φ has the same property.
Introduction
For a pseudo-Anosov map φ : S → S, among the data one can naturally associate to it, there are two real numbers that are very interesting to the author. One number is its dilatation, i.e. the stretch factor of the invariant singular foliation/lamination, the other one is the spectral radius of (the greatest modulus of eigenvalues of) φ * : H 1 (S; C) → H 1 (S; C).
For a pseudo-Anosov map (S, φ), by saying the spectral radius of the mapping class (S, φ), we mean the spectral radius of its homological action φ * : H 1 (S; C) → H 1 (S; C).
the Alexander polynomial and Teichmüller polynomial to study the monodromy maps of different fibered classes in a fixed fibered cone of a 3-manifold. In [Ko2] , Koberda related the spectral lifting property with the homology growth of finite covers of fibered 3-manifolds.
In this note, we show that whether a pseudo-Anosov map has the spectral lifting property is actually a property of the commensurable class of its mapping torus, instead of being a property of the mapping class itself. It can be seen as positive evidence for Question 1.1. In particular, we show the following theorem (some terminology will be defined in Section 2). Theorem 1.2. Let φ : S → S be a pseudo-Anosov map and let M φ be its mapping torus, then the following statements are equivalent to each other.
(1) There exists a finite cover (S,φ) of (S, φ), such that the spectral radius of (S,φ) is greater than 1. (2) M φ has a finite cover N , such that the Mahler measure of the multivariable Alexander polynomial of N is greater than 1, i.e. M(∆ N ) > 1. (3) For any finite cover N ′ of M φ , and any fibered structure of N ′ , the monodromy has a finite cover such that its spectral radius is greater than 1.
The proof of Theorem 1.2 uses Mahler measures of (twisted) Alexander polynomials of 3-manifolds. Actually, it is shown in [SW, Le] that the statements in Theorem 1.2 are also equivalent to a statement on homological torsion growth of finite abelian covers of 3-manifolds, see Theorem 2.6.
After the resolution of the Virtual Haken and Virtual Fibered Conjectures ( [Ag1] ), more and more evidence suggests that the family of all finite covers of a single hyperbolic 3-manifold form a large class of 3-manifolds, and it may satisfy many prescribed properties. In particular, Agol asked the following question about the monodromy of virtual fibered structures in [Ag2] . Question 1.3. Does a finite volume hyperbolic 3-manifold M admit a finite cover which fibers over S 1 with orientable foliation of the pseudo-Anosov map?
For a pseudo-Anosov map with orientable invariant foliation, it is well known that its spectral radius is equal to its dilatation, which is greater than 1. An immediate consequence of Theorem 1.2 is that, a positive answer of Question 1.3 implies a positive answer of Question 1.1.
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Preliminaries
In this section, we first review some basic material of surface automorphisms and their finite covers, then review the definition and some properties of twisted Alexander polynomials and the Mahler measure.
2.1. Surface Automorphisms. Let S be a compact orientable surface with χ(S) < 0 and let φ : S → S be an orientation preserving self-homeomorphism (surface automorphism), then Thurston showed the following Nielsen-Thurston trichotomy of (S, φ) (see [Th] ).
Theorem 2.1. For any surface automorphism (S, φ), φ is isotopic to exactly one of the following three standard forms.
• φ is periodic.
• φ is reducible, i.e. there is a finite collection of disjoint essential simple closed curves C on S such that φ(C) = C.
• φ is pseudo-Anosov, i.e. there are two transverse singular measured foliations that are invariant under the action of φ, such that φ stretches one of the singular measured foliation and contracts the other one.
Among these three types of surface automorphisms, the pseudo-Anosov type is the most interesting one. Apparently, the periodic type is relatively simple. For a reducible map, the surface can be decomposed to subsurfaces along C, such that φ acts on each φ-component of S \ C as a periodic or pseudo-Anosov automorphism. Now we consider lifting surface automorphisms to finite covers.
For a surface automorphism φ : S → S and a finite cover π :S → S, we say that (S, φ) lifts toS if there is an automorphismφ :S →S such that π •φ = φ • π, and we call (S,φ) a finite cover of (S, φ).
Given a surface automorphism φ : S → S and a finite cover π :S → S, a liftφ :S →S may or may not exist. Actually, an exercise in covering space theory implies that, a liftφ onS exists if and only if φ * : π 1 (S) → π 1 (S) fixes the conjugacy class of π * (π 1 (S)) < π 1 (S).
Since π 1 (S) is finitely generated, it has only finitely many conjugacy classes of subgroups with index [π 1 (S) : π 1 (S)]. So there exists a positive integer k, such that (S, φ k ) admits a lift toS (there is a k bounded by the number of conjugacy classes that works). It is also known that if π is a characteristic finite cover, i.e. π 1 (S) is a finite index characteristic subgroup of π 1 (S), a lift always exists.
On the other hand, for an automorphism φ : S → S and a finite cover π :S → S, (S, φ) may have different finite covers (S,φ) and (S,φ ′ ), and they differ by a deck transformation of π :S → S. In this case, there exists a positive integer n (bounded by the order of the deck transformation group), such that (φ)
By the definition of periodic, reducible and pseudo-Anosov mapping classes, it is easy to see that taking a lift of a mapping class (when it exists) does not change the NielsenThurston type.
The following lemma concerns the behavior of the spectral radius when taking finite covers of surface automorphisms. Although the proof is simple, since the spectral radius of pseudo-Anosov maps is the main object of this paper, we give a proof here.
Lemma 2.2. Let (S, φ) be a surface automorphism with spectral radius greater than 1, then for any finite cover (S,φ) of (S, φ), the spectral radius ofφ is also greater than 1.
Proof. Let π :S → S be the finite cover, and K be the kernel of π * : H 1 (S; C) → H 1 (S; C). Since π * is surjective, we can identify H 1 (S; C) as a subspace of H 1 (S; C), and get a decomposition H 1 (S; C) = K ⊕ H 1 (S; C).
Since (S,φ) is a finite cover of (S, φ), π * •φ * = φ * • π * holds. This implies that K is aφ * -invariant subspace of H 1 (S; C). Let A be a squared matrix representing (φ * )| K : K → K, and let C be a squared matrix representing φ * : H 1 (S; C) → H 1 (S; C). Then the lifted homological actionφ * : H 1 (S; C) → H 1 (S; C) is represented by a matrix in the form of A B 0 C .
Since the spectral radius of φ is greater than 1, the spectral radius of C is greater than 1.
By simple linear algebra, the spectral radius of A B 0 C , which equals the spectral radius ofφ, is also greater than 1.
2.2. Twisted Alexander Polynomials of 3-manifolds. We will only state the definition of twisted Alexander polynomials in sufficient generality as to be convenient for our applications.
We will use R to denote a domain. In this paper, we only consider the case that R = C or O K (the ring of algebraic integers of a number field K).
For a compact manifold M (or a finite CW-complex), let γ : π 1 (M ) → GL(n; R) be a group representation, and let ψ : π 1 (M ) → F be a homomorphism to a free abelian group F . Then γ and ψ induce a representation
and it gives a π 1 (M )-action on R [F ] n . In this paper, we will only use the n = 1 case.
LetM be the universal cover of M , then the (first) twisted Alexander module of (M, α) is the finitely generated R[F ]-module
For a finitely generated R[F ]-module A, let P be a presentation matrix of A with size r × s and entries in R [F ] . Then the order of P is defined to be the greatest common divisor of the determinants of all s × s submatrices of P . The order is an element in R[F ] and welldefined up to multiplying a unit of R[F ]. Then we define the twisted Alexander polynomial of (M, α) to be the order of H 1 (M ; R [F ] n ), and we denote it by ∆ α M . When γ : π 1 (M ) → GL(1; Z) = {±1} is the trivial representation, we get an ordinary Alexander polynomial of M and denote it by ∆
When γ is trivial and ψ = π : π 1 (M ) → H 1 (M ; Z)/Tor is the standard homomorphism to the free part of H 1 (M ; Z), we get the standard multivariable Alexander polynomial of M , which is denoted by ∆ π M , or simply ∆ M . When γ is trivial and ψ corresponds to a cohomology class a ∈ H 1 (M ; Z), i.e. ψ equals the composition π 1 (M ) . The following lemma follows from Proposition 2, Proposition 3 and Proposition 5 of [FV] and a simple computation.
Proposition 2.3. Let M be a compact 3-manifold with empty or tori boundary, and suppose that the rank of F is at least 2. Let the group ring Z[Z] be identified with
Here p(t) = 1 if the restriction of ξ on ker (a • ψ) is nontrivial; p(t) = t−ξ(a * ) if the restriction of ξ on ker (a • ψ) is trivial and M is not a closed manifold, where a * ∈ H 1 (M ; Z)/Tor is an element such that a • ψ(a * ) = 1; and p(t) = (t − ξ(a * ))(t −ξ(a * )) if the restriction of ξ on ker (a • ψ) is trivial and M is a closed manifold.
In particular, for the Mahler measure, M(∆
We will define the Mahler measure of (multivariable) polynomials in the next subsection.
Let p :M → M be a finite abelian cover with abelian deck transformation group G, then π :
Then we can compute the Alexander polynomial ∆πM by twisted Alexander polynomials of M .
LetĜ be the set of all homomorphisms from G to S 1 ⊂ GL(1; C), then it a finite set. For any ξ ∈Ĝ, we still use ξ to denote the composition
Then we get a representation
Actually, the image of ξ ⊗ π lies in GL(1; O K [H 1 (M ; Z)/Tor]) for some cyclotomic field K depending on G. Then the following formula is proved in [DY] .
Hereξ denotes the complex conjugation of ξ.
2.3. The Mahler Measure. For a polynomial P (z) = a 0 z n +a 1 z n−1 +· · ·+a n ∈ C[z] with a 0 = 0, let w 1 , w 2 , · · · , w n be the roots of P (z) (with multiplicity). The Mahler Measure of P (z) is defined to be M(P ) = |a 0 | · Π n k=1 max{1, |w k |}. By the Jensen's formula in complex analysis, the Mahler measure is equal to
with z = e 2πis . We can take this integration formula as an alternative definition of the Mahler measure M(P ).
The integration formula also gives the definition of Mahler measure for multivariable polynomials. For a polynomial P (z) = P (z 1 , z 2 , · · · , z m ) ∈ C[z 1 , · · · , z m ], its Mahler measure is defined by
Here z = (z 1 , z 2 , · · · , z m ) = (e 2πis1 , e 2πis2 , · · · , e 2πism ).
For a multivariable polynomial with integer coefficients P ∈ Z[z 1 , · · · , z m ], M(P ) ≥ 1 always holds. Moreover, it is also known exactly when M(P ) = 1 holds ( [Bo] ). Let Ψ n (z) be the n-th cyclotomic polynomial, an extended cyclotomic polynomial associated to Ψ n (z) is defined by the following data. For any positive integer m, and m integers
is called an extended cyclotomic polynomial (with m variables). Here we need the integers b k to make sure that each term of the extended cyclotomic polynomial has nonnegative power.
The following theorem characterizing M(P ) = 1 is proved in [Bo] .
Theorem 2.5. For P ∈ Z[z 1 , · · · , z m ], M(P ) = 1 if and only if P is a product of monomials and extended cyclotomic polynomials.
For a compact manifold M (or a finite CW-complex), we fix a surjective homomorphism ψ : π 1 (M ) → Z n . For any finite index subgroup Γ < Z n , let M Γ be the finite cover of M corresponding to the subgroup ψ −1 (Γ) < π 1 (M ). Then the Mahler measure of ∆ ψ M is closely related with the homological torsion growth of M Γ , when the minimal distance from nonzero elements in Γ ⊂ Z n to zero goes to infinity (under any matric).
A special version of the following theorem is proved in [SW] , and the general form is proved in [Le] .
Here Γ → ∞ means the minimal distance from nonzero elements in Γ ⊂ Z n to zero goes to infinity.
Actually, [Le] also dealt with the case of ∆ ψ M = 0. In this case, the growth of homological torsion is equal to the Mahler measure of the first nonzero higher order Alexander polynomial. However, we do not need this stronger result in this paper.
Proof of Theorem 1.2
To prove Theorem 1.2, we first prove the following two propositions. These two propositions give relations between the Mahler measure of the Alexander polynomial of a 3-manifold and virtual spectral radii of its monodromy maps.
Proposition 3.1. Let N be an orientable fibered hyperbolic 3-manifold of finite volume. Suppose that for some fibered structure of N , the spectral radius of its monodromy is greater than 1, then M(∆ π N ) > 1.
Proof. Suppose that the fibered structure mentioned in the assumption corresponds to a ∈ H 1 (N ; Z), and we denote its monodromy by ψ : Σ → Σ. Then the Alexander polynomial ∆ a N is equal to the characteristic polynomial of ψ * :
, with leading coefficient 1. The assumption of this proposition implies
We suppose that M(∆ π N ) = 1, and get a contradiction. Since ∆ π N has integer coefficients, Theorem 2.5 implies that ∆ π N is a product of monomials and extended cyclotomic polynomials. For the cohomology class a ∈ H 1 (N ; Z) and any extended cyclotomic polynomial
, it is easy to see that a(P ) = t b Ψ n (t v ) for some integers v, b, n. So a(P ) either equals a product of t b and a few cyclotomic polynomials, or equals kt b for some k ∈ Z (when v = 0). This implies that a(∆ Proof. Take an arbitrary fibered structure of N , which corresponds to a cohomology class b 1 ∈ H 1 (N ; Z), and let the corresponding monodromy be ψ : Σ → Σ. Take a Z-basis
, and denote the dual basis of H 1 (N ; Z)/Tor by (t 1 , t 2 , · · · , t n ).
Since M(∆ π N ) > 1, by the definition of the Mahler Measure, we have
Here z k = e 2πis k , and (z 1 , z 2 , · · · , z n ) corresponds to the basis (t 1 , t 2 , · · · , t n ) of H 1 (N ; Z)/Tor.
We first integrate along the first coordinate and get
So there exists a point (r 2 , · · · , r n ) ∈ I n−1 such that
By continuity, we can suppose that all of r 2 , · · · , r n are rational numbers.
Let k be the least common multiple of the denominators of r 2 , · · · , r n . We consider the finite abelian cover p :N → N such that π 1 (N ) is the kernel of the homomorphism
Here the basis (t 1 , t 2 , · · · , t n ) of H 1 (N ; Z)/Tor is identified with the standard basis of Z n , and the homomorphism f :
The deck transformation group G ofN → N is isomorphic to Z n−1 k . Now we consider a representation ξ 0 : H 1 (N ; Z)/Tor → S 1 defined by ξ 0 (t 1 ) = 1 and ξ 0 (t i ) = e −2πiri for i = 2, · · · , n. Then ξ 0 vanishes on the kernel of
So ξ 0 induces a representation G → S 1 , and we still denote this element inĜ by ξ 0 . Now we have two homomorphisms π : π 1 (N ) → H 1 (N ; Z)/Tor and
which maps t 1 to t, and maps t 2 , · · · , t n to 1.
By applying b 1 to the equation in Theorem 2.4 and using ξ(t 1 ) = 1 for any ξ ∈Ĝ, we get
Since b 1 ∈ H 1 (N ; Z) is a fibered class, for any ξ ∈Ĝ, the polynomial
t n ) has leading coefficient 1. So each Mahler measure in the product on the right hand side of equation (2) is greater or equal to 1. Moreover, since ξ 0 lies inĜ, equation (1) implies that the term in the product of equation (2) corresponding to ξ 0 is greater than 1. So we have 
(t)) > 1 implies the spectral radius of ψ ′ is greater than 1. Then the restriction of a power of ψ ′ (l-th power) on a connected subsurfaceΣ ⊂ Σ ′ is a pseudo-Anosov map on a connected surface, and we denote this map byψ :Σ →Σ. Thenψ :Σ →Σ is a lift of ψ l : Σ → Σ, and its spectral radius is greater than 1.
LetΣ → Σ be a finite characteristic cover factoring throughΣ → Σ. Then ψ : Σ → Σ lifts toψ :Σ →Σ, and there exists a positive integer k such thatψ k lifts toψ :Σ →Σ.
Since the spectral radius ofψ k is greater than 1, Lemma 2.2 implies that the spectral radius ofψ :Σ →Σ is also greater than 1. Sinceψ :Σ →Σ andψ :Σ →Σ are lifts of ψ : Σ → Σ and ψ kl : Σ → Σ respectively,ψ andψ have some common power. So the spectral radius ofψ :Σ →Σ is greater than 1, which is the desired finite cover of ψ : Σ → Σ. Now we are ready to prove Theorem 1.2.
Proof. (1) implies (2): We consider the fibered manifold N = Mφ =S × I/(x, 0) ∼ (φ(x), 1). Then N is a finite cover of M φ , andφ :S →S is the monodromy of a fibered structure of N , such that its spectral radius is greater than 1. Then Proposition 3.1 implies that M(∆ π N ) > 1.
(2) implies (3): Take an arbitrary fibered class b ∈ H 1 (N ; Z) of N , then Proposition 3.2 implies that the corresponding monodromy has the spectral lifting property. Let the mapping torus corresponding to this finite cover of monodromy be denoted byN . ThenN is a finite cover of N , and the spectral radius of the monodromy of this fibered structure is greater than 1.
Take a common finite cover ofN and N ′ , and denoted it byÑ . Then the above fibered structure ofN lifts to a fibered structure ofÑ , and the spectral radius of the corresponding monodromy is still greater than 1. Then Proposition 3.1 implies that M(∆Ñ ) > 1.
By applying Proposition 3.2 again, we know that the monodromy of any fibered structure ofÑ has the spectral lifting property. Since any fibered structure of N ′ lifts to a fibered structure ofÑ , the argument at the end of the proof of Proposition 3.2 implies that the monodromy of any fibered structure of N ′ has the spectral lifting property.
(3) implies (1): This is trivially true, since M φ is a finite cover (1-sheet cover) of itself.
